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Abstract. Space Very Long Baseline Interferometry (SVLBI) is an im-
portant space technology for geodesy and geodynamics to a very high accuracy
level. At present, the SVLBI mathematical model of geodetic parameters does
not consider nutation parameters. In this paper the nutation parameters will
be added to the rotation matrix, and the mathematical model of SVLBI obser-
vations with the nutation parameters will be derived. Finally, the estimability
of parameters in the mathematical model will be analyzed.

1. Introduction

The most important and complicated mission of modern geodesy and geo-
dynamics is definition, realization and interconnection of different reference
systems, which include the Conventional Inertial System (CIS) fixed in space
and defined by radio sources, the Conventional Terrestrial System (CTS) fixed
to the earth and defined by a series of observation stations on the ground, and
the Dynamic Reference System defined by the movement of the satellite. At
present, Space VLBI (SVLBI) is the unique space technology that can directly
connect the three reference frames with high accuracy. SVLBI is often used for
other applications in geodesy and geodynamics like determination of geocentric
positions of VLBI stations, estimation of the gravity field of the earth, satellite
orbit determination.

There have been some studies [1, 4] on the mathematical model to estimate
the parameters that can interconnect the reference frames by using SVLBI ob-
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servations, but in this mathematical model nutation correction parameters (A
and Ag) are not included. In the model there is a rotation matrix which in-
cludes Greenwich apparent time correction SG and polar motion corrections
&,n, which are called earth rotation parameter corrections, ERP’s. By using
the rotation matrix, the radio source’s CIS coordinates can be transformed
to CTS. Anyway there are no radio source’s true celestial coordinates in ac-
tual observations. There are just J2000.0 CIS coordinates of the radio source.
Nutation parameters are needed to transform CIS to true celestial coordinates.

Along with the development of technology, the long life of deep space explo-
ration satellite makes it possible to observe nutation parameters. The aim of
this work is to add nutation parameters to the mathematical model of SVLBI
observations. In particular the rotation matrix will be written with nutation
correction parameters and the SVLBI observations mathematical model with
the nutation correction parameter will be derived. Then, the estimability of
parameters in the mathematical model will be analyzed.

2. Mathematical Model

2.1. Rotation Matrix

Actually observation stations are fixed in CTS while the observing radio
source is fixed in J2000.0 CIS. The satellite can be seen to have true celestial
coordinates. To establish the right time delay observation mathematical model
it is necessary to transform these different reference systems to the same one.
This transformation includes ERP’s, nutation and precession parameters [5].

The rotation matrix with ERP corrections has been derived, the precession
parameters can be calculated and in this research are considered as constant
because the precession cycle is too long to be observed by current SVLBI tech-
nology. So the final model just needs to add nutation corrections.

The J2000.0 CIS can be transformed to average celestial coordinates at
epoch t by precession correction, which can be obtained by astrophysical meth-
ods. Then the true celestial coordinates at epoch ¢ can be obtained by nutation
correction.

The rigid nutation matrix is expressed as

N = Rx(—{:‘ - AE) . Rz(—A’l/J) . Rx({:‘).

The elements of the nutation matrix are functions of £, the mean oblig-
uity of the ecliptic, that can be obtained by astronomic methods and will be
considered constant during the derivation, Ay and Ae that are respectively
the nutation in longitude and nutation in obliquity corrections. The transfor-
mation of the J2000.0 average position to true position at any epoch can be
performed using the nutation rotation matrix. The objective of this paper is
to obtain the SVLBI observation mathematical model with nutation correction
in longitude and nutation correction in obliquity.
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2.2. Mathematical Model of Time Delay Observation

Starting from the mathematical models as found in literature [1, 4], a simple
ground-space time delay observation equation with nutation correction, can be
expressed as:

x; 1" xi 1"
A =={1 Y | Re(=QRa(-mRa(6i) — | VI | ¢
Z; Zjc

(1)

€os 0] oS
x ¢ N | cosaqysino + c[ACS,; — ACT, ;(tx — to)],
sin ay

where X, Y; and Z; are the CTS coordinates of observation station; X}, V1
and ZII< are true celestial coordinates of satellite S’ at epoch tx; o; and d; are
J2000.0 CIS right ascension and declination of the radio source, which include
precession correction, at epoch tx; N is the nutation matrix; R is the rotation
matrix with ERP’s parameters; c¢ is the velocity of light; ¢y is the beginning
observing epoch; AC’({T]- and AC’{T]- are the clock error and clock drift of the
reference clock in monitor station and clock P; at observation station.

The observation station’s CTS coordinates and radio source’s average ce-
lestial coordinates can be transformed to true celestial coordinates by using the
equation (1). It is the basic of the derivation of mathematical models.

The expression can be rewritten as the following:

dfy = —XA1+ Y A2 + Z; A3+ X[ Ad + YL A5 + Z] A6+ @)
+c[AC,; — ACT,;(tk — to)],
where Al to A6 are the expanding coefficients of ground observations station’s

coordinates and satellite’s coordinates. The following mathematical approxi-
mations will be used in the derivation:

cos(e + Ae) = cose cos Ae — sin Ae sine,
sin(e + Ae¢) = sine cos Ae + sin Ae cose.

And the following approximate transformations will also be used because
&, m, Ay and Ae are small:

siné = ¢ sinp=n cos(Ap) =1 cos(Ae) =1
cosé = cosn =1 7 sin(Ay) = Ay 7 sin(Ae) = Ae

APAY =0 €n=0
, AYAe =0 , £&£=0 .
AeAe =0 mm=0
So the forms of Ai are:

Al = — A cose cos §; sin{ay — 0) + cos §; cos(a — 6y,)
— A sinesin §; cos 0y, — Aesin §; sin 0y, + £sin dy ,
A2 =Av cose cos d; cos(ay — by) + cos d; sin(a; — 6)
+ A sin e sin §; sin 0, — Aesin §; cos 0y, — nsin gy,
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A3 = —&cosdy cos(ag — ) + ncosdysin(ay — b))+
cos 01 (At cosqg sine + Aesin o) + sin

A4 = cosd(cosa) — Ay cosesinqy) — Aysinesin

A5 = A cose cosag cosd; — Ae sin ag + sin oy cos §y ,

A6 = Avysine cos ag cos d; + Ae sin g cos §; + sin .

The unknown geodetic parameters will be:
{X]7 }/}7 Z]: X[I(': YI{W ZII('a Auja A67€7 7770/?7 ag, 6[7 ACOija ACl’L]}

2.3. Analysis of Relation Between Parameters

To estimate the unknown parameters of equation (2), this has to be lin-
earized:

d(dj;) = Z CpdP,
P

where Cp are the required partial derivatives from of the time delay with
respect to the parameters of interest, indexed by P. They are as follows:

CX]. = A]., CY] = A2, CZ]. = A3, OXII( = A4, Cyé = A5, ng( = AG,

Cay = Xj(—cose cosd; sin(a; — 6;) — sine sin §; cos Oy )+
+ Y, (cose cosd; cos(ay — by) + sinesin gy sinby,) + Z; cos d; cos o sine+
+ XII((— cosesinag cosd; — sinesindy) + Yé COS € COS ay COS 0+
+ ZII< sin & cos a; cos d; ,

Cae = Xjsind;sinfy — Y;sind; cos by, + Z; cos d; sin oy
+ Yé sin oy + ZII{ sin oy cos §; ,

Ce = X;sind; — Z; cos d; cos(ag — 0y) ,
Cy = =Y;sind; + Z; cos §; sin(oy — 6%,) ,

Cy,, = X;(Av) cose cosdy cos(ay — O) + cos oy sin(ay — 0)+
+ At sinesin d; sin 0y, — Aesin d; cos 0, )+
+ Y, (A cose cos gy sin(a; — 0y) — cos §; cos(ay — )+
+ A sinesin ; cos by, + Ae sin §; sin 0, )+
+ Z;( — &cosdysin(ay — 6y) — ncosdy cos(oy — Or)) ,

Co, = Xj(—A¢ cose cos d; cos(ay — ) — cos§ sin(ay — 0i))+
+Y;(—Av cose cos §; sin(ay — 0y) + cos d; cos(a; — 0y))+
+Z;(€ cosd; sin(ay — 8y) + ncos & cos(ay — O) +
+ cos 8 (— Ay sinqg sine + Ag cosay))+
+ Xk (cosdy(—sinay — Ay cose cos ay))
+Y £ (= At cose sinay cos §; — cos ay(Ae — cos §;))

+ 7% (= Ay sine sin a; cos § + cos a;(Ae cos §; + 1)),
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Cs, = X,;(—sin&;(—Av cosesin(a; — b,) + cos(a; — b))+
— cos 0y (Arp sine cos Oy — Aesin O, + £))+
+Y;(—sin 8 (A cose cos(ay — 0y) + sin(ay — 0x))+
+ cos 6, (A sinesin G, — Aecosby, —n))+
+Z;(sin 6;(€ cos(ay — Oy) + nsin(ay — Or) + Atpcosay sine + Aesinay)+
+ cos §;)+
+X L (—sin & (cos oy — Ay cosesinay) — Arpsine cosd)+
+Y (= sin 6; (At cose cosa; — sinay))+
+ 75 (= sin 6y (Asp sin e cos oy + Aesinay)),

CACOi]‘ =c, CACW = C(tk — to) .
So the linear dependencies are as follows:
CgZXjCZJ. —ZjCXJ.-I-Bl, Cn:ZjCy]. _YjCZJ-‘l‘BQ, Cal :Cek-l-Bg,

where By to Bs are periodic variables. From the derivation above, it is clear
that linear dependencies between some parameters are present. These linear
dependencies will make the normal equation matrix rank deficient, therefore
the normal equation will be singular. It means that not all the parameters can
be estimated correctly. The ground station parameters and the earth rotation
parameters can not be separated. Further more, an obvious linear dependency
exists between «; and 6.

3. Conclusion

Nutation is an important parameter to connect CTS and CIS and it is
significant to geodesy and geodynamics. VLBI, especially SVLBI, is a main
technology for observing nutation by now. It is important to add nutation
correction to SVLBI observation mathematical model.

In this paper, the expansion of the observation equation has been made
and the partial derivatives of SVLBI parameters are discussed. From the re-
sult of the model derivation, it is clear that linear dependencies between some
partial derivative of the SVLBI observation with nutation correction exist.
It means that all the parameters except a; and 6; can be estimated by the
SVLBI ground-space time delay observations. In the future, some mathemati-
cal method will be investigated to calculate these parameters.
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